A variational principle is not generally satisfied in steady-state quantum transport as opposed to the case of ground-state problems. We show that for a short-range potential, a functional for the scattering amplitude can be introduced that is stationary for arbitrary variations about the exact scattering wave function. However, except for the special case of spherically symmetric potentials, the functional does not satisfy any minimum principle even in linear response and for single-channel scattering. The absence of a minimum principle puts severe limitations on the choice of trial wave functions in transport calculations. Examples of electronic transport in selected quantum wires will be presented to illustrate the problem. DOI: 10.1103/PhysRevB.66.041405 PACS number͑s͒: 73.40.Jn, 73.40.Cg, 73.40.Gk, 85.65.ϩh The variational method is a powerful tool to estimate the ground-state energy of a particle with Hamiltonian H.
The variational method is a powerful tool to estimate the ground-state energy of a particle with Hamiltonian H. 1 The method relies on the use of a trial wave function ͑or a family of trial wave functions͒ which reproduces as closely as possible the actual ground-state wave function GS . The functional
E͓͔ϭ

͉͗H͉͘ ͉͗͘ ͑1͒
has then the property that E͓͔уE GS ϭ͗ GS ͉H͉ GS ͘.
͑2͒
If the trial wave function depends on certain parameters, then due to Eq. ͑2͒, the best estimate for the ground-state wave function and consequently the ground-state energy can be obtained by minimizing the functional ͓Eq. ͑1͔͒ with respect to these parameters. Total-energy calculations in condensed-matter physics, for instance, are based on such a principle. 2 The families of trial wave functions used in actual calculations vary from linear combinations of atomic orbitals to plane waves, and the choice of one family with respect to another depends mainly on numerical convenience. 2 In all choices, however, confidence in the convergence of the results with respect to the best estimate of the ground-state wave function is guaranteed by the existence of the variational principle ͓Eq. ͑2͔͒.
Electronic transport in a given sample connected to external reservoirs is neither an equilibrium nor a ground-state problem. The physical observable that one needs to calculate in this case is the electric current across the sample. In general, therefore, one should not expect to have a minimum principle from which the best estimate of the scattering amplitudes can be obtained. Note that the absence of such a principle puts severe limitations on the choice of trial wave functions in transport calculations since a minimum principle is necessary to uniquely determine the best estimate from a family of trial wave functions. 3 This problem was recognized a long time ago. 4 It was demonstrated 4 that a minimum principle still applies to the scattering amplitudes for a spherically symmetric potential at zero energy for the very special case when ͑i͒ a single s-wave channel contributes to scattering at that energy and (ii) the potential does not support bound states or, if it does, the radial part of the Hamiltonian has a negative expectation value on the bound states-trial wave functions. 4 In recent years, electric-current calculations have received renewed attention in view of the remarkable experimental progress in nanoscale electronics. 5 In particular, computational methods are being developed that address fundamental issues in quantum transport in nanoscale structures from first principles. [6] [7] [8] [9] [10] [11] [12] [13] These types of calculations are shedding new light on the microscopic mechanisms of electronic transport in nanoscale devices. 9, 10, [12] [13] [14] [15] These methods rely on either the self-consistent solution of the Lippman-Schwinger equation [6] [7] [8] [9] or the Keldish nonequilibrium Green's function formalism. [10] [11] [12] [13] In the noninteracting quasiparticle approximation, both approaches are equivalent. In this type of calculation, the basis set used to represent the scattering-wave functions ranges, as in usual total-energy calculations, from localized basis functions to plane waves. [6] [7] [8] [9] [10] [11] [12] [13] The choice of one basis set with respect to the other depends on numerical convenience. However, unlike the case of total-energy calculations and for the reasons described above, caution has to be used in choosing a given family of trial wave functions.
In this paper we show that for any short-range potential, a functional for the scattering amplitude can be introduced that is stationary for arbitrary variations about the exact scattering-wave function. Except for spherically symmetric potentials, however, the functional does not satisfy any minimum principle. In this case, the calculation of the current could thus show large errors if completeness of the basis set is not properly checked. We will illustrate the problem with selected examples of transport in quantum wires using plane waves as the basis set.
Our starting point is the integral Lippman-Schwinger equation 6, 7 that can be written for each scattering energy in operator notation as Copyright by the American Physical Society. Yang, Z. Q.; Tackett, A.; Di Ventra, M., "Variational and nonvariational principles in quantum transport calculations, " Phys. Rev. B 66, 041405(R) DOI: http://dx.doi.org/10.1103/PhysRevB.66.041405 tering potential V. The potential V is assumed to tend asymptotically to zero more rapidly than 1/r. 7 The wave function ͉⌿ 0 ͘ satisfies usual scattering boundary conditions. 7, 16 We now introduce a functional for the scattering amplitude. The latter is proportional to 3, 17 f ϭ͗⌿ 0 ͉V͉⌿͘. ͑4͒
For a given energy and for single-channel scattering the current is simply proportional to the scattering amplitude. Under these conditions then, stationarity of the scattering amplitude implies stationarity of the current. We introduce the following functional
We first show that if ϭc⌿, where c is a proportionality constant, then A͓͔ϭ f , i.e., it is proportional to the exact scattering amplitude. Indeed, the wave function satisfies the Lippman-Schwinger equation
The denominator of Eq. ͑5͒ therefore reduces to c 2 ͗⌿ 0 ͉V͉⌿͘, which exactly cancels a factor from the numerator to give A͓͔ϭ f .
We are now left to demonstrate that for any arbitrary variation of of the type ͉͘ϭc͉⌿͘ϩ͉␦͘, ͑7͒ the functional ͓Eq. ͑5͔͒ is stationary. To first order in the variation ␦, the variation ␦A is
The variation ␦A can be zero for arbitrary ␦ if and only if
is zero. This implies
where b is a multiplicative constant. The last equation is the Lippman-Schwinger equation ͓Eq. ͑3͔͒ for a generic exact solution b⌿ of the scattering problem. For a spherically symmetric potential the functional ͓Eq. ͑5͔͒ can be decomposed in partial-wave contributions, each of which is proportional to the functional introduced by Schwinger. 4 In this case a minimum principle is satisfied for single-s-wave-channel scattering and no bound states. 4, 18 In general, however, the functional ͓Eq. ͑5͔͒ does not satisfy either a minimum or a maximum principle.
We now illustrate the implications of these findings for actual calculations. We restrict ourselves to the study of selected atomic wires. A schematic of one such wire is represented in Fig. 1͑a͒ , where a sample is sandwiched between two metal electrodes that we model with ideal metals ͑jel-lium model͒. 6, 7 The two electrodes are kept at a finite bias V B ͑see Fig. 1͑b͒ , where we have assumed the left-hand electrode is positively biased͒. The electron wave functions are computed by solving the Lippman-Schwinger equation ͓Eq. ͑3͔͒ iteratively to self-consistency in steady state for the continuum part of the spectrum. 6, 7 The bound states, if any, are calculated by direct diagonalization of the total Hamiltonian. 7 Exchange and correlation are included in the density-functional formalism within the local-density approximation. 19 The current at zero temperature is computed from the wave functions ͉͘ of the electrode-molecule system by integrating the energy region between the right and left Fermi levels ͓see Fig. 1͑b͔͒ . The continuum region between the bottom of the left-hand electrode ͓indicated as v eff (Ϫϱ) in Fig. 1͑b͔͒ and the right Fermi level has been divided into 40 energy points and convergence has been checked by increasing the number of energy points.
For each scattering energy, we are now faced with the choice of the trial wave functions to represent the best estimate of the exact scattering solution. We choose plane waves to represent the wave functions. 7 Apart from other technical advantages, like, e.g., the fact that the Green's function G 0 and the potential V can be analytically written in this basis set, or the absence of Pulay-like forces in the calculation of current-induced forces, 7, 8 plane waves form a complete set in any Hilbert space, and convergence of both scattering amplitudes and electric current can be easily checked by simply increasing their number in the family of trial wave functions.
FIG. 1. ͑a͒ Schematic of one of the systems under investigation.
Three atoms are sandwiched between semi-infinite bulk electrodes. ͑b͒ Schematic of the total effective potential of the bare electrodes with bias V B . The left electrode is positively biased. Electrons incident from the right electrode are partly transmitted into the left electrode with probability t, and partly reflected back into the right electrode with probability r.
RAPID COMMUNICATIONS
We stress here that any other basis set could be used in principle provided that convergence with increasing number of basis functions be checked. In the examples below, for each total number of plane waves the total charge density of the system ͑sum of the charge density from both the continuum and discrete part of the spectrum 7 ͒ has been converged to less than 1ϫ10 Ϫ3 % for each plane-wave component.
In Fig. 2 we plot the electric current as a function of the number of plane waves for a single hydrogen atom between two metal electrodes. The distance of the hydrogen atom from the electrodes is 4 a.u. 20 The external bias is V B ϭ0.01 V ͑linear-response regime͒ and the s orbital of the hydrogen atom is mostly responsible for transport in this system ͑corresponding to the peak of the density of states in the inset of Fig. 2͒ . Furthermore, the scattering potential has almost spherical symmetry in the region of interest, and the total Hamiltonian does not support any bound state. The physical situation then corresponds to the one for which the functional ͓Eq. ͑5͔͒ satisfies a minimum principle. This is clearly evident in Fig. 2 where the current for a fixed number of plane waves ͑or equivalently the scattering amplitude in this linear-regime case͒ is always larger than the ͑asymptoti-cally͒ converged current ͑dotted line in Fig. 2͒ .
As we have shown in this paper, for a general short-range potential a minimum principle is not guaranteed. This case is illustrated in Fig. 3 where we plot the electric current as a function of the number of plane waves for three Si atoms between metal electrodes. The external potential is V B ϭ0.1 V. The Si atomic positions are kept equal to their relaxed value at zero bias: the Si-Si distances are 4.2 a.u., and the left and right Si atoms are at 2.1 a.u. from the electrodes ͓see Fig. 1͑a͔͒ . It is evident from Fig. 3 that the current for different values of the number of plane waves can be either larger or smaller than the ͑asymptotically͒ converged current ͑dotted line in Fig. 3͒ . Furthermore, convergence with the number of plane waves is reached in an oscillatory way. It is also evident from this figure that relative errors of as much as 30% in the value of the current can be obtained with a fixed number of basis functions.
In summary, we have shown that for any short-range potential, a functional for the scattering amplitude can be introduced that is stationary for arbitrary variations about the exact scattering-wave function. The functional, however, does not satisfy any minimum principle. This puts severe limitations in the choice of trial wave functions in transport calculations. In particular, this study shows that a fixed number of basis functions is not generally enough to assure convergence in electric current calculations. 
